




















Local Distinguishability of Orthogonal Quantum States and Generators of SU(N)
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Finding out conditions which tell whether a set of orthogonal multipartite quantum states can be
distinguished by local operations and classical communication (LOCC) is an ongoing investigation.
We connect this question with generators of SU(N) and show that a nontrivial sufficient condition
for a set of orthogonal quantum states to be locally indistinguishable can be checked in a systematic
way. Interestingly we find that two orthogonal GHZ-like states and an arbitrary state from their
complementary subspace cannot be distinguished by LOCC.
PACS numbers: 03.67.Hk, 03.65.Ud
Orthogonal multipartite quantum states can always be
distinguished when global measurements can be imple-
mented, but things will be different if only local op-
erations and classical communication (LOCC) are al-
lowed. Bennett et al. presented a set of nine orthogonal
product states that cannot be distinguished by LOCC,
which demonstrates that there is nonlocality different
from quantum entanglement [1]. Since then whether a
set of orthogonal multipartite quantum states can be dis-
tinguished by LOCC attracts much interest [2]. Ghosh
et al. proved that it is impossible to distinguish three
or four Bell states with LOCC [3] while Walgate et al.
showed that two orthogonal quantum states are always
locally distinguishable [4].
There are some general results on locally distinguishing
a set of orthogonal multipartite states. It was showed by
Bennett et al. that an unextendible product basis (UPB)
for a multipartite quantum system cannot be locally dis-
tinguished [5]. Walgate et al. obtained the necessary
and sufficient conditions for a set of orthogonal 2 × 2
quantum states to be locally distinguishable [6]. Chen
and Li showed that if a set of orthogonal states can be
distinguished using LOCC, each state in the set can be
written as a linear combination of product ones which are
orthogonal to the other states in the set [7]. A connection
between locally distinguishing orthogonal states and the
characteristics that quantum entanglement cannot be in-
creased using LOCC has also been obtained [3, 8, 9, 10].
Watrous proved that there exist subspaces of bipartite
tensor product spaces that have no orthonormal bases
that can be distinguished using LOCC [11]. Recently
Hayashi et al. found that if a set of orthogonal states
can be distinguished by LOCC, the sum of a distancelike
entanglement measure of each state in the set cannot be
bigger than the total dimension of the system [12].
The scenario of locally distinguishing a set of orthogo-
nal states can be conceived as follows. Separate observers
hold a multipartite quantum system, which is prepared
in one of a set of mutually orthogonal states. They know
the precise form of each state in the set but they do not
know which state the system is in. Their task is to find
it out by using LOCC. First, one observer makes a local
measurement on his partite and communicates the mea-
surement result to others. And then another observer
makes another local measurement and so on. To say
that a set is distinguishable with LOCC, it usually needs
to design a finite sequence of measurements so that it
can always discover which state the system is in no mat-
ter what the measurement results are obtained. Because
each measurement usually has many choices and there
is no limit on the number of the measurements, to con-
clude that a set can or cannot be distinguished by LOCC
is usually not easy.
In this letter we will show that a nontrivial sufficient
condition for a set of mutually orthogonal states to be
locally indistinguishable can be checked in a systematic
way. In addition, we will outline a method to check
whether a set of orthogonal two-partite states can be dis-
tinguished using only two local measurements.
Definition 1: Trivial measurement. Measurements in
quantum mechanics are described by a collection of mea-
surement operators {Mm}. The index m refers to the
outcomes that may occur in the experiment. The proba-
bility that result m occurs is given by
p (m) = 〈Ψ|M †mMm |Ψ〉 , (1)
where |Ψ〉 is the state of the quantum system just before





The objects M †mMm are the positive operator-valued
measure (POVM) elements for the measurement, which
sum to the identity. If all POVM elements are propor-
tional to the identity operator, we say the measurement
is trivial because it yields no information about the state
[6].
Definition 2: Orthogonality-keeping measurement.
Suppose there is a set of mutually orthogonal states
{|ϕi〉}. For any measurement operator Mm, if any two
states from the set {Mm |ϕi〉} are orthogonal, we say
2the measurement represented by {Mm} is orthogonality-
keeping to the set {|ϕi〉}. Some in the set {Mm |ϕi〉} may
be zero states which are orthogonal to any state.
Theorem 1: If a set of orthogonal multipartite states
{|ϕi〉} can be distinguished with LOCC, there should be
one observer who can make a local measurement that is
nontrivial and orthogonality-keeping to the set {|ϕi〉}. If
such an observer cannot be found, then the set cannot
be distinguished using LOCC.
This result is obvious but nontrivial and it has already
been employed in [6, 13] to prove that the set of nine
product states presented by Bennett et al. [1] cannot be
distinguished with LOCC. The question is how to check
whether such an observer exists for a general set.
Suppose Alice, one of the observers, owes the da-
dimensional quantum particle a. If she can perform a
nontrivial and orthogonality-keeping measurement to the
set {|ϕi〉}, there should be an operator A
†A, a represen-
tative of POVM elements of her measurement, acting on
the Hilbert space of particle a and satisfying
〈ϕi|A
†A |ϕj〉 = 0, any i 6= j. (3)
For any pair of index m 6= n, two traceless Hermitian
operators are defined:
Γmn = Tra¯ (|ϕm〉 〈ϕn|+ |ϕn〉 〈ϕm|) , (4)
∆mn = Tra¯ (i |ϕm〉 〈ϕn| − i |ϕn〉 〈ϕm|)
where Tra¯ is trace on all particles except a. The condi-









= 0, any i 6= j, (5)
which means the operator A†A is orthogonal to any el-
ement of the set {Γij ,∆ij}i6=j in the sense of Hilbert-
Schmidt inner product. Generally speaking elements in
the set {Γij ,∆ij}i6=j are not linear independent and some
of them may be zero. Using Gram-Schmidt orthogo-
nalization [14], from the set {Γij ,∆ij}i6=j we can ob-
tain a new set of operators {Λm}
da˜
m=1 with its elements
satisfying
(i) Λ†m = Λm, (ii) Tr (Λm) = 0, (iii) Tr (ΛmΛn) = 2δmn,
(6)
where the integer da˜ is the maximal number of linear in-
dependent operators in the set {Γij ,∆ij}i6=j . The Gram-
Schmidt orthogonalization ensures that any element in
the set {Γij ,∆ij}i6=j can be expressed in a linear com-
position of the elements from the set {Λm}
da˜
m=1 and vice





= 0, m = 1, ..., da˜. (7)
When da˜ = d
2
a−1, the set {Λm}
da˜
m=1 forms a complete set
of orthogonal generators of SU (da) which means the Her-
mitian operatorA†Amust be proportional to the identity
[15]; Alice cannot make a nontrivial and orthogonality-
keeping measurement to the set {|ϕi〉}.
When da˜ < d
2
a−1, we can always find a set of operators
{λn}
r
n=1 with r = d
2
a − 1− da˜ and
(i) λ†m = λm, (ii) Tr (λm) = 0, (8)
(iii) Tr (λmλn) = 2δmn, (iv) Tr (Λmλn) = 0,
which combined with {Λm}
da˜
m=1 forms a complete set
of orthogonal generators of SU (da). The condition (7)
means the representative A†A of POVM elements of Al-













where p is the trace of A†A and the coefficients bn
are real. Alice can surely perform a nontrivial and
orthogonality-keeping measurement to the set of states
{|ϕi〉} when r > 1. For example, she can perform a mea-






































which make A†1A1 and A
†
2A2 Hermitian and
positive [15]. This measurement will be nontrivial and
orthogonality-keeping to the set of states {|ϕi〉} if one of
the coefficients cn is not zero.
In the above paragraphs we have presented a method
to check whether Alice can perform a nontrivial and
orthogonality-keeping measurement to the set {|ϕi〉} by
obtaining the set {Λm}
da˜
m=1 in a systematic way. One
further question is whether Alice can implement an
orthogonality-keeping measurement to the set of states
{|ϕi〉} with all the POVM elements having rank one when
da˜ < d
2
a − 1, i.e., r > 1. If she implements such a mea-
surement on her particle a, she will be irrelevant to the
following distinguishing process no matter what measure-
ment result she obtains, because the multipartite system
will be in one of a set of product states in the cut of par-
ticle a and the others, and particle a will be in the same
state in all possible product states. To make a POVM
element of Alice’s measurement which is orthogonality-
keeping to the set {|ϕi〉} have rank one, it requires the



















The quantity on the right hand side of Eq. (11) can be
regarded as the density operator of a quantum state in
3the Hilbert space of particle a. A set of density operators
of pure states can be obtained from the solutions of Eq.
(11). If the identity operator Ida over da can be expressed
in a concave composition of these density operators, Al-
ice is able to implement an orthogonality-keeping mea-
surement to the set {|ϕi〉} with all the POVM elements
having rank one.
When there are only two observers, e.g., Alice and Bob,
it is essentially important to see whether one of them can
perform an orthogonality-keeping measurement to the set
{|ϕi〉} with all the POVM elements having rank one. Af-
ter Alice makes such a measurement the possible states
of the system will be orthogonal in Bob’s side and a suit-
able projective measurement on his particle will discover
which state they originally share. In some sense, we have
just outlined a method to check whether Alice and Bob
can distinguish the set of states by using two local mea-
surements and classical communication between them.
When particle a held by Alice is a qubit, i.e., da = 2, Eq.




n = 1. We have the following
result:
Theorem 2: Alice and Bob share a 2×n quantum sys-
tem which is prepared in one of a set of mutually orthog-
onal states {|ϕi〉}. They know the precise forms of each
states in the set {|ϕi〉}. They can discover which state
the system is in by using LOCC if Alice can perform a
nontrivial and orthogonality-keeping measurement to the
set {|ϕi〉} (i.e., r ≥ 1).
Proof: That Alice can perform a nontrivial and
orthogonality-keeping measurement to the set {|ϕi〉}
means the integer r defined just before (8) is equal or
bigger than one, so on her qubit a Alice can perform a























n = 1. This measurement is orthogonality-
keeping to the set {|ϕi〉} and all the POVM elements have
rank one. After Alice has performed her measurement,
the possible states of the system will be orthogonal on
Bob’s side. According to the result in Alice’s measure-
ment, Bob can perform a suitable projective measure-
ment on his particle to find out which state the system
originally was in.
It can be proved that our theorem 2 is equivalent to
theorem 1 in [6] in some sense, but we have given a
method to check whether r ≥ 1, and we have given an
explicit expression (12) for her measurement when r ≥ 1.
Till now we have considered the first measurement
in distinguishing a set of orthogonal states {|ϕi〉} with
LOCC. In most cases one local measurement is not
enough to discover which state the system is in, so it
is necessary to consider the second measurement. We
use operators {Mm} to describe the first local mea-
surement which is nontrivial and orthogonality-keeping
to the set {|ϕi〉}. When result m occurs in the first
measurement, the observers are forced to distinguish a
new set of orthogonal states {Mm |ϕi〉} with LOCC. As
we discuss the first measurement we can check whether
there exists an observer who can implement a nontriv-
ial and orthogonality-keeping measurement to the set
{Mm |ϕi〉}. If there is no such an observer except the
first measurement performer, we can say the first mea-
surement represented by the operators {Mm} is inappro-
priate. Following this idea, we find that two orthogonal
GHZ-like states and an arbitrary state from their com-
plementary subspace cannot be distinguished by LOCC.
Theorem 3: The following three states cannot be dis-
tinguished by using LOCC:
|ϕ1〉 = s |0〉a |0〉b |0〉c + t |1〉a |1〉b |1〉c , (13)
|ϕ2〉 = t
∗ |0〉a |0〉b |0〉b − s
∗ |1〉a |1〉b |1〉c ,
|ϕ3〉 = x1 |1〉a |0〉b |0〉c + x2 |0〉a |1〉b |1〉c
+ x3 |0〉a |1〉b |0〉c + x4 |1〉a |0〉b |1〉c
+ x5 |0〉a |0〉b |1〉c + x6 |1〉a |1〉b |0〉c ,









Proof: Assume the qubits a, b, and c are held by Al-
ice, Bob and Charlie, respectively. If the set of orthog-
onal states {|ϕi〉}
3
i=1 can be distinguished with LOCC,
then each measurement in distinguishing process can be
nontrivial, but we will show this is impossible when Al-
ice performs the first local measurement. Alice’s mea-
surement is represented by operators {Am}. Her mea-
surement should be orthogonality-keeping to the states
{|ϕi〉}
3
i=1, so it is required that
〈ϕ2|A
†
mAm |ϕ1〉 = 0, (14)
〈ϕ1|A
†
mAm |ϕ3〉 = 0, 〈ϕ2|A
†
mAm |ϕ3〉 = 0,
which is equivalent to
〈ϕ2|A
†
mAm |ϕ1〉 = 0, (15)
〈0|a 〈0|b 〈0|c A
†
mAm |ϕ3〉 = 0,
〈1|a 〈1|b 〈1|c A
†
mAm |ϕ3〉 = 0.


















where σz and the following σx and σy are Pauli operators.





















4which means the operator A†mAm will be proportional to
the identity, i.e., Alice can only perform trivial measure-
ments.







= 0, i.e., the operator A†mAm can be
expressed in a linear composition of the identity Ia2 , σ
a
x
and σay . Alice’s measurement can be nontrivial. When
result m occurs in Alice’s nontrivial measurement, the
observers are forced to locally distinguish a new set of
orthogonal states {Am |ϕi〉}
3
i=1 (leaving out normaliza-
tions). For any m, either Bob or Charlie should be able
to perform a nontrivial and orthogonality-keeping mea-
surement to the set {Am |ϕi〉}
3
i=1 if the set {|ϕi〉}
3
i=1 can
be distinguished by LOCC, but which will be shown to
be impossible. If the second measurement is performed
by Bob, to make it nontrivial and orthogonality-keeping
to the states {Am |ϕi〉}
3
i=1, it is required that [16]
x3 〈0|a A
†
mAm |0〉a + x6 〈0|a A
†
mAm |1〉a = 0, (18)
x4 〈1|a A
†
mAm |1〉a + x5 〈1|a A
†
mAm |0〉a = 0.
If the second measurement is performed by Charlie, to
make it nontrivial and orthogonality-keeping to the states
{Am |ϕi〉}
3
i=1, it is required that
x3 〈1|a A
†
mAm |0〉a + x6 〈1|a A
†
mAm |1〉a = 0, (19)
x4 〈0|a A
†
mAm |1〉a + x5 〈0|a A
†





= 1, without loss of general-
ity we assume x3 6= 0. (i) When x6 = 0, it can
be seen that both Eq. (18) and (19) cannot be sat-
isfied for arbitrary m since 〈0|a A
†
mAm |0〉a 6= 0 and
〈1|a A
†
mAm |0〉a 6= 0, i.e., Bob or Charlie cannot perform
a nontrivial and orthogonality-keeping measurement to
the states {Am |ϕi〉}
3
i=1. (ii) When x6 6= 0, from Eq.
(18) we can obtain
〈0|a A
†





mAm |0〉a , (20)
and from Eq. (19) we can obtain
〈0|a A
†





mAm |1〉a . (21)
For any m, either Eq. (20) or (21) should be satisfied if
the set {|ϕi〉}
3
i=1 can be distinguished with LOCC, but
which is impossible because all quantities 〈0|a A
†
mAm |1〉a
with different m obtained from Eq. (20) or (21) have the




mAm |1〉a 6= 0, (22)




We have shown that the set {|ϕi〉}
3
i=1 cannot be dis-
tinguished with LOCC when Alice goes first. The same
result can be obtained when Bob or Charlie goes first due
to the symmetry of |ϕ1〉 and |ϕ2〉 and the arbitrariness
of |ϕ3〉 .
In conclusion we have shown that a nontrivial suffi-
cient condition for a set of orthogonal multipartite states
to be locally indistinguishable can be checked in a sys-
tematic way. When the set is possible to be distinguished
with LOCC, we have presented the form of the POVM
elements of the first measurement and outlined a way to
check whether all POVM elements can have rank one,
which is especially important in locally distinguishing
two-partite states. We have found that two orthogonal
GHZ-like states and an arbitrary state from their com-
plementary subspace cannot be distinguished by LOCC,
this result may be having interesting applications.
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